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Energy-Loss Calculation of Gain in a Plane 
Sinusoidal Free-Electron Laser 
ROBERTO COISSON 
Ahwmt-The gain of a free-electron laser (FEU made with a plane Alferov, Bashmakov, and Bessonov [ l  1 1  : for  the n th  harmonic 
sinusoidal  undulator is calculated by  the electron beam  energy loss. we have 
T HE free-electron laser (FEL) consists of an undulator (periodic transverse magnetic field) where an EM wave 
coming in  the same direction as the ultrarelativistic (y2 >> 1) 
electrons stimulates the emission of radiation. 
The gain of an FEL can be calculated classically by the 
energy lost by the  electron beam in  the combined field of the 
undulator  and  of  the  input wave [ l  ] - [4] . All of these calcula- 
tions have only considered the case of  the helical undulator. 
It has also been remarked that there is a general relationship 
between gain and spontaneous spectrum for a free-electron 
device, independent of the particular undulator  structure  and 
allowing the gain of an arbitrary  FEL to be calculated without 
describing the dynamics of the electrons in  the device. In this 
way, the gain for a plane sinusoidal undulator has also been 
obtained [6] - [9]  . 
As most of the  experiments  now in progress (e.g., on ACO 
and ADONE [lo] ) use plane sinusoidal undulators, it is of 
interest to  show that  the same result can be obtained by an 
energy-loss calculation, which better illustrates the physical 
origin of the differences between  the  two cases, and shows the 
more  complex dynamics of  the electrons in this case, which is 
not described by  a simple pendulum  potential. 
We are considering an  undulator 
dW(0 = 0) 2re  b2 n2 
d Q d v  c 
= - 1 ~ 2  ~2 - 
1 + i b 2  
. [4, -1)/2 (ne) - J(n + 1 ) / 2  (ne11 (3 1 
where b = (eBo X0/2rmc) = a7 is the “deflection parameter” 
(MKS units, a maximum deflection, a2 << 1 )  
where 6 v is  the detuning  from peak of  spontaneous  spectrum 
and Av is the  spontaneous  bandwidth - l / N ,  
and J are Bessel functions. 
As (dldy) = ( rN/y ) (d /d t ) ,  from (1) and (2)  we find, imme- 
diately,  the single-pass  gain on  the nth harmonic (n = 1 , 3 , 5  , 
7 * e): 
of  length L = N  X,, , with  an  electron beam of current I ,  elec- 
tron energy Ymc2 , and effective cross-sectional area u (includ- 
ing filling factor). 
Let us first summarize the derivation of the gain from the 
gain-spectrum relationship 
2y2 d dW(8 = 0) 
mc2 d y   d Q d y d u  
G = - -  
where dW/dS2 dv is the  spontaneous power per unit solid angle 
and  bandwidth (a function of v = c/h and depending on 7). 
The spectrum  of  incoherent emission from  a plane sinusoidal 
undulator at 0 = 0 (forward direction) has been calculated by 
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M,(b) = [4,-1)/2W - 4,+1)/2(nf)l 
and GH is the gain of  a helical FEL, ZA = mc3 / e  N- 17 kA,  and 
f ( t > = ,  (7) d sin t 
which has a maximum value N 0.54; more generally, f(g) is 
the derivative of the modulus square of the Fourier  transform 
of the  undulator . 
Coming now to  the energy-loss calculation, we  have to  find 
the maximum relative energy gain per unit length 6ypax/y, 
for a “synchrono~s’~ electron (i.e., an electron which “sees” 
the undulator and the input wave Ei as having the same fre- 
quency, or  for which the  input wave is tuned  at  the peak of 
the  spontaneous  pectrum). Considering a general mono- 
energetic beam and averaging the energy lost in the distance 
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L over the initial positions of the  electrons, the gain per pass 
will  be 
as 
Let us find 6yFax/ys in our case [(l)] . 
suitable initial conditions 
For an electron with velocity u c(l - iy2)(y2 >> l ) ,  with 
F,(t) = eEi cos w t - - ( x:)) 
Let 
w1 = - (1 - i b 2 ) .  o 
2 Y2 
We remark that  the longitudinal oscillation amplitude is com- 
parable with  the output wavelength h = 27rc/w: 
eEib 
YS 
* (cos a 0 t  cos (a1 t t 17 sin 2w,t)) (1 0 )  
where 
where ( ) represents time average for a given electron. Re- 
membering that 
cos (olt t q sin 2w0t)= cos w l t  cos (q sin 2w0t) 
- sin olt sin (17 sin 2 0 0 t )  
r m 1 
and that the average value of the products of trigonometric 
functions is (3 for  the Jo term) if wi = n o o ,  with n = 4k k 1 
or n = 4 j  t 2 ? 1 ,  that is, with n odd positive integer, and = 0 
otherwise. We can write 17 = ne with E = [i b2/(1 + 4 b2)]. 
The single-pass gain G, on the nth harmonic (n = 1, 3 ,  5, 7,  
. e), substituting (IO) and (1 1) into (6) ,  is then identical to (4). 
This is for  an energy spread Ay << y/2N and angular spread 
A0 << [(l t 3 b2)/@y] : for  a beam with nonnegligible Ay 
and A e ,  the result has to be convoluted with a longitudinal 
velocity spread distribution corresponding to  the energy and 
angular distributions. 
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